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WEIGHTED SPACE METHOD FOR THE STABILITY OF
SOME NONLINEAR EQUATIONS
Liviu C˘ adariu, Laura G˘ avrut ¸a, Pa¸ sc G˘ avrut ¸a
Dedicated to Professor Th. M. Rassias, on the occasion of his 60th birthday
We prove the stability of some equations of a single variable, including a non-
linear functional equation, a linear functional equation as well as a Volterra
integral equation, by using the weighted space method. Our results generalize
and extend some recent theorems given in this ﬁeld, with simpliﬁed proofs.
Several direct applications of these results are also obtained.
1. INTRODUCTION
The study of the functional equations stability originated from a question of
S. M. Ulam ([39], 1940) in a talk at the University of Wisconsin, concerning the
stability of group homomorphisms.
In 1941 D. H. Hyers [24] gave an aﬃrmative answer to the question of Ulam
for Cauchy functional equation in Banach spaces. The result of D. H. Hyers was
generalized in 1950 by T. Aoki [3] for approximately additive mappings and in
1978 by Th. M. Rassias [36] for approximately linear mappings. G. L. Forti
[15] extended in 1980 a part of Th. M. Rassias’s result for a general class of
functional equations. Independently, P. G˘ avrut ¸a [20] obtained a generalization
of Th. M. Rassias’s theorem, by replacing the Cauchy diﬀerences by a control
mapping ϕ satisfying a very simple condition of convergence. These papers were
provided a lot of inﬂuence in the development of what is now known as generalized
Hyers-Ulam-Rassias stability of the functional equations.
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Some results and informations which complete the history of the subject are
described in the papers [33], [5], [19], [35], [12], [21], [26], [32], [14], [17], [18]
and [31]. Also, we refer the reader to the expository papers [16] and [37] or to the
books [13], [25] and [28].
It should be noted that almost all proofs in this topic used the direct method
(of Hyers): the exact solution of the functional equation is explicitly constructed
as a limit of a sequence, starting from the given approximate solution. On the
other hand, in 1991 J. A. Baker [4] used the Banach ﬁxed point theorem to
give Hyers-Ulam stability results for a nonlinear functional equation. In 2003, V.
Radu [34] proposed a new method, successively developed in [7, 8, 9], to obtain
the existence of the exact solutions and the error estimations, based on the ﬁxed
point alternative. Subsequently, these results were generalized by D. Mihet ¸ [30],
L. G˘ avrut ¸a [22] and L. C˘ adariu and V. Radu [11].
Our main purpose is to study the generalized stability for some nonlinear
functional equations by using the weighted space method, considered in [23] for the
ﬁrst time. Actually, we prove in Theorem 1 the generalized Hyers-Ulam stability
of the single variable functional equation
y(x) = F (x,y(x),y (η(x))).
Thereafter, we show that the theorem extends some results in [10], [23] and [4].
As a consequence of Theorem 1, the generalized Hyers-Ulam stability for the linear
equation
y(x) = g(x) · y(η(x)) + h(x)
is highlighted in the next section. Moreover, as direct applications of our theorem
for this linear equation, we obtain several results given in [4] and [9]. Notice that
in all these equations y is the unknown function and the other ones are given
mappings. In the last section of the paper we discuss the generalized Hyers-Ulam
stability for a general class of the nonlinear Volterra integral equations in Banach
spaces.
We recall that the weighted space method consists of the use of a classical
mathematical result in a space endowed with a weighted distance. Speciﬁcally, in
this paper, the Banach’s ﬁxed point theorem is the classical result used to obtain
the stability of the equations above-mentioned.
2. THE GENERALIZED HYERS-ULAM STABILITY OF A
NONLINEAR EQUATION
In this section we obtain the generalized Hyers-Ulam stability results for the
nonlinear equation
(1) y(x) = F (x,y(x),y (η(x)))
by using the weighted space method. A function y : S → X, is the unknown, S is a
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are given functions. Moreover, we prove that some results of the stability given in
[4], [10] and [23] can be obtained directly from the following theorem:
Theorem 1. Suppose that there exists L ∈ [0,1) such that the mappings λ,µ : S →
[0,∞) satisfy
(2) λ(x)ϕ(x) + µ(x)ϕ(η(x)) ≤ Lϕ(x), ∀x ∈ S,
for some given function ϕ : S → (0,∞). Suppose also that the given mapping
F : S × X × X → X satisﬁes
d(F(x,u(x),u(η(x))),F(x,v(x),v(η(x)))) (3)
≤ λ(x)d(u(x),v(x)) + µ(x)d(u(η(x)),v(η(x))),
for all x ∈ S and for all u,v ∈ X.
If y : S → X is a ﬁxed mapping with the property
(4) d(y(x),F(x,y(x),y(η(x)))) ≤ ϕ(x),∀x ∈ S,
then there exists a unique y0 : S → X such that
y0(x) = F(x,y0(x),y0(η(x))),∀x ∈ S
and the inequality
(5) d(y(x),y0(x)) ≤
ϕ(x)
1 − L
holds for all x ∈ S.
Proof. Let us consider the set
Y :=
 
u : S → X : sup
x∈S
d(u(x),y(x))
ϕ(x)
< ∞
 
.
Then Y is a complete metric space with the weighted metric
ρ(u,v) = sup
x∈S
d(u(x),v(x))
ϕ(x)
.
Now, deﬁne the (nonlinear) mapping
(Tu)(x) := F(x,u(x),u(η(x))).
For u,v ∈ Y, by using (3) and (2), we have
d((Tu)(x),(Tv)(x))
ϕ(x)
≤
λ(x)d(u(x),v(x)) + µ(x)d(u(η(x)),v(η(x)))
ϕ(x)
= λ(x) ·
d(u(x),v(x))
ϕ(x)
+ µ(x) ·
ϕ(η(x))
ϕ(x)
·
d(u(η(x)),v(η(x)))
ϕ(η(x))
≤ ρ(u,v) ·
 
λ(x) + µ(x) ·
ϕ(η(x))
ϕ(x)
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On the other hand, by using (4), we obtain
d((Tu)(x),y(x))
ϕ(x)
≤
d((Tu)(x),(Ty)(x))
ϕ(x)
+
d((Ty)(x),y(x))
ϕ(x)
≤ Lρ(u,y) + 1 < ∞.
It results that if u ∈ Y, then Tu ∈ Y, so T : Y → Y is well-deﬁned. Also, we
obtain that ρ(Tu,Tv) ≤ Lρ(u,v), hence T is a strictly contractive self-mapping of
Y, with the constant L < 1.
We can apply the Banach’s ﬁxed point theorem on the weighted space Y and
we obtain the existence of a mapping y0 : S → X such that:
(i) y0 is the unique ﬁxed point of T, that is
y0(x) = F(x,y0(x),y0(η(x))),x ∈ S;
(ii) ρ(T ny,y0) − − − − →
n→∞ 0, which implies
y0(x) = lim
n→∞
(T ny)(x),∀x ∈ S;
(iii) ρ(y,y0) ≤
1
1 − L
ρ(y,Ty), which implies the inequality
ρ(y,y0) ≤
1
1 − L
,
that is, the estimation relation (5) holds.
It is easy to see that the above theorem extends the recent result in [10].
Actually, if we take in Theorem 1 a particular form of the given mapping F (here
denoted by G) and if the mappings λ and µ are constants, we obtain the generalized
Hyers-Ulam stability for the nonlinear equation
y(x) = G
 
y(x),y(η(x))
 
.
Corollary 2 (C˘ adariu, Moslehian, Radu [10], Theorem 2.2). Suppose that S
is a nonempty set, (X,d) is a complete metric space, η : S → S and G : X×X → X
are given mappings, λ,µ are nonnegative real numbers and the following condition
is veriﬁed:
d
 
G
 
s,u
 
,G
 
t,v
  
≤ λd(s,t) + µd(u,v), ∀s,t,u,v ∈ X. (6)
Let y : S → X be a ϕ−solution, for some given function ϕ : S → (0,∞), that is
d
 
y(x),G
 
y(x),y(η(x))
  
≤ ϕ(x), ∀x ∈ S. (7)
Suppose also that, for some L ∈ [0,1),
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Then there exists a unique function y0 : S → X such that
y0(x) = G
 
y0(x),y0(η(x))
 
, ∀x ∈ S
and
d
 
y(x),y0(x)
 
≤
ϕ(x)
1 − L
, ∀x ∈ S. (9)
As a direct consequence of Theorem 1, the generalized Hyers-Ulam stability
result proved in [23] for the nonlinear equation
(10) y(x) = F
 
x,y(η(x))
 
can be obtained. In fact, if we consider a nonempty set S, a complete metric space
(X,d), the given functions η : S → S, F : S × X → X, ϕ : S → (0,∞), λ(x) ≡ 0
and µ(x) =
L · ϕ(x)
ϕ(η(x))
in Theorem 1, we have:
Corollary 3 (P. G˘ avrut ¸a, L. G˘ avrut ¸a [23], Theorem 2.1). Suppose that there
exists L ∈ [0,1) such that
ϕ(η(x)) · d(F(x,u(η(x))),F(x,v(η(x)))) ≤ L · ϕ(x) · d(u(η(x)),v(η(x))),
holds for all x ∈ S and for all u,v ∈ X.
If the mapping y : S → X has the property
d(y(x),F(x,y(η(x)))) ≤ ϕ(x), ∀x ∈ S,
then there exists a unique y0 : S → X such that
y0(x) = F(x,y0(η(x))), ∀x ∈ S,
and the inequality
d(y(x),y0(x)) ≤
ϕ(x)
1 − L
holds for all x ∈ S.
It should be noted that the following Hyers-Ulam stability result [cf. (Baker
[4], Theorem 2) or (Agarwal et al. [1], Theorem 13)] for the nonlinear equation
(10) it is obtained directly, from the above Corollary, by taking ϕ(x) = δ > 0:
Corollary 4. Let S be a nonempty set and (X,d) be a complete metric space. Let
be η : S → S and F : S × X → Y some given mappings and 0 ≤ L < 1. Suppose
that
d(F(x,u),F(x,v)) ≤ L · d(u,v), ∀x ∈ S,∀u,v ∈ X.
If y : S → X has the property
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with a ﬁxed constant δ > 0, then there exists a unique mapping y0 : S → X which
satisﬁes both the equation
y(x) = F (x,y (η(x))),∀x ∈ S
and the inequality
d(y(x),y0(x)) ≤
δ
1 − L
,∀x ∈ S.
3. THE GENERALIZED HYERS-ULAM STABILITY OF A LINEAR
FUNCTIONAL EQUATION
In this section we emphasize the signiﬁcance of Theorem 1. In fact, if
F (x,y(x),y (η(x))) = g(x) · y(η(x)) + h(x),
the equation (1) becomes
(11) y(x) = g(x) · y (η(x)) + h(x),
where g,η,h are given mappings and y is the unknown function. The above equation
is called linear functional equation and was intensively investigated by Kuczma,
Choczewski and Ger [29]. They obtained some results concerning monotonic,
regular and convex solutions of (11).
In what follows we prove a generalized Hyers-Ulam stability result for the
equation (11), as a particular case of Theorem 1.
Let us consider a nonempty set S, a real (or complex) Banach space X,
endowed with norm the || · || and the given functions η : S → S, g : S → R (or C)
and h : S → X.
Theorem 5. Suppose that there exists L ∈ [0,1) such that the functions λ,µ : S →
[0,∞) satisfy
(12) λ(x)ϕ(x) + µ(x)ϕ(η(x)) ≤ Lϕ(x), ∀x ∈ S,
for some ﬁxed mapping ϕ : S → (0,∞). Suppose also that the given function
F : S × X × X → X veriﬁes
(13) (|g(x)| − µ(x)) · ||u(η(x))) − v(η(x))|| ≤ λ(x)||u(x) − v(x)||,
for all x ∈ S and for all u,v from S into X.
If y : S → X has the property
(14) ||y(x) − g(x)y(η(x)) − h(x)|| ≤ ϕ(x), ∀x ∈ S,
then there exists a unique mapping y0 : S → X deﬁned by
y0(x) = h(x)+ lim
n→∞

y(ηn(x)) ·
n−1  
i=0
g
 
ηi(x)
 
+
n−2  
j=0
 
h
 
ηj+1(x)
 
·
j  
i=0
g
 
ηi(x)
 
 
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for all x ∈ S, which satisﬁes the equation
y(x) = g(x) · y(η(x)) + h(x),∀x ∈ S
and the inequality
(15) ||y(x) − y0(x)|| ≤
ϕ(x)
1 − L
,∀x ∈ S.
Proof. We consider in Theorem 1 the metric d on X, given by d(u,v) = ||u − v||
and the function F (x,y(x),y (η(x))) := g(x) · y(η(x)) + h(x),∀x ∈ S, with g,η,h
as in the hypotheses of Theorem 5. Applying Theorem 1, there exists a unique
mapping y0 which satisﬁes the equation (11) and the estimation (15). Moreover,
y0(x) = lim
n→∞(T
ny)(x),∀x ∈ S,
where
(T
ny)(x) = g(x) ·
 
T
n−1y
 
(η(x)) + h(x)
= g(x) · g(η(x)) · (T
n−2y)(η
2(x)) + g(x) · h(η(x)) + h(x),∀x ∈ S,
whence, for all x ∈ S,
(T
ny)(x) := h(x)+y(η
n(x))·
n−1  
i=0
g
 
η
i(x)
 
+
n−2  
j=0
 
h
 
η
j+1(x)
 
·
j  
i=0
g
 
η
i(x)
 
 
. ￿
It is easy to see that we can obtain the generalized stability result given in
[9] (see also [38]) for the linear functional equation (11), by taking in Theorem 5
λ(x) ≡ 0 and µ(x) =
L · ϕ(x)
ϕ(η(x))
:
Corollary 6 (C˘ adariu, Radu [9], Theorem 5.1). Let us consider a nonempty set
S and a real (or complex) Banach space X. Suppose that η : S → S,h : S → X and
g : S → R (or C) are given mappings. If y : S → X satisﬁes
||y(x) − g(x)y (η(x)) − h(x)|| ≤ ϕ(x), ∀x ∈ S,
with some ﬁxed mapping ϕ : S → (0,∞) and there exists L ∈ [0,1) such that
|g(x)| · ϕ(η(x)) ≤ Lϕ(x),∀x ∈ S,
then there exists a unique mapping y0 : S → X
y0(x) = h(x)+ lim
n→∞

y(ηn(x)) ·
n−1  
i=0
g
 
ηi(x)
 
+
n−2  
j=0
 
h
 
ηj+1(x)
 
·
j  
i=0
g
 
ηi(x)
 
 
,
for all x ∈ S, which satisﬁes both
the equation
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and the inequality
||y(x) − y0(x)|| ≤
ϕ(x)
1 − L
,∀x ∈ S.
If ϕ(x) = δ > 0 in the above Corollary, then we obtain the Hyers-Ulam
stability result of Baker ([4], Theorem 3) (see also (Agarwal et al. [1], Theorem
7)) for the linear equation (11):
Corollary 7. Let us consider a nonempty set S and a real (or complex) Banach
space X. Suppose that η : S → X, g : S → R (or C) and h : S → X are given
mappings. If y : S → S satisﬁes
||y(x) − g(x)y (η(x)) − h(x)|| ≤ δ, ∀x ∈ S,
with a ﬁxed constant δ > 0 and there exists L ∈ [0,1) such that
|g(x)| ≤ L,∀x ∈ S,
then there exists a unique mapping y0 : S → X deﬁned by
y0(x) = h(x)+ lim
n→∞

f(ηn(x)) ·
n−1  
i=0
g
 
ηi(x)
 
+
n−2  
j=0
 
h
 
ηj+1(x)
 
·
j  
i=0
g
 
ηi(x)
 
 
,
for all x ∈ S, which satisﬁes
y0(x) = g(x) · y0(η(x)) + h(x),∀x ∈ S
and
||f(x) − y0(x)|| ≤
δ
1 − L
,∀x ∈ S.
4. THE STABILITY OF THE NONLINEAR VOLTERRA
INTEGRAL EQUATIONS
In this section we obtain the generalized Hyers-Ulam stability for a general
class of the nonlinear Volterra integral equations in Banach spaces, by using the
weighted space method. Also, we prove that some stability theorems given in [2]
and [23] for these integral equations are consequences of our result.
Let us consider a Banach space X over the (real or complex) ﬁeld K, an
interval I = [a,b] (a < b) and the continuous given functions L : I × I → [0,∞)
and ϕ : I → (0,∞). We denote by C(I,X) := {f : I → X,f is continuous} and by
|| · || the norm on the Banach space X.
The result of stability for the nonlinear Volterra integral equation
(16) y(x) = h(x) + λ
  x
a
G(x,t,y(t))dt,∀x ∈ I,
(y : I → X is the unknown function, h : I → X and G : I × I × X → X are
continuous given mappings and λ is a ﬁxed nonzero scalar in K), can be read as
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Theorem 8. Suppose that there exists a positive nonzero constant α such that
(17)
  x
a
L(x,t)ϕ(t)dt ≤ αϕ(x), ∀x ∈ I.
Suppose also that G : I × I × X → X is a continuous function, which satisﬁes
(18) ||G(x,t,u(t))−G(x,t,v(t))|| ≤ L(x,t)·||u(t)−v(t)||,∀x,t ∈ I,∀u,v ∈ C(I,X).
If the continuous mapping y : I → X has the property
(19)
   
 
 y(x) − h(x) − λ
  x
a
G(x,t,y(t))dt
   
 
  ≤ ϕ(x),∀x ∈ I
and if
|λ| <
1
α
then there exists a unique y0 ∈ C(I,X) such that
y0(x) = h(x) + λ
  x
a
G(x,t,y0(t))dt, ∀x ∈ I
and the inequality
(20) ||y(x) − y0(x)|| ≤
ϕ(x)
1 − |λ| · α
, ∀x ∈ I
holds.
Proof. We apply the Fixed point theorem of Banach on the space Y := C(I,X).
In fact, if we consider the weighted metric
d(u,v) = sup
x∈I
||u(x) − v(x)||
ϕ(x)
,
then (Y,d) is a complete metric space.
Now, deﬁne the operator T : Y → Y
(Tu)(x) := h(x) + λ
  x
a
G(x,t,u(t))dt.
From the relations (17) and (18) it results that T is strictly contractive op-
erator on Y. Indeed, for any u,v ∈ Y we have:
d(Tu,Tv) = sup
x∈I
|λ| ·
 
 
 
 
x  
a
(G(x,t,u(t)) − G(x,t,v(t)))dt
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≤ |λ|sup
x∈I
x  
a
L(x,t) · ||u(t) − v(t)||dt
ϕ(x)
= |λ|sup
x∈I
x  
a
L(x,t) · ϕ(t) ·
||u(t) − v(t)||
ϕ(t)
dt
ϕ(x)
≤ |λ| · sup
t∈I
||u(t) − v(t)||
ϕ(t)
· sup
x∈I
x  
a
L(x,t) · ϕ(t)dt
ϕ(x)
≤ α · |λ| · d(u,v).
Therefore T is a strictly contractive self-mapping of Y, with Lipschitz constant
α|λ| < 1.
On the other hand, by using (19), we have that d(y,Ty) < 1.
We can apply the Banach’s ﬁxed point theorem on the complete metric space
Y and we obtain the existence of a mapping y0 ∈ Y such that:
(i) y0 is the unique ﬁxed point of T, that is
y0(x) = h(x) + λ
  x
a
G(x,t,y0(t))dt, ∀x ∈ I;
(ii) d(T ny,y0) − − − − →
n→∞
0, which implies
y0(x) = lim
n→∞
(T
ny)(x),∀x ∈ I;
(iii) d(y,y0) ≤
1
1 − L
d(y,Ty), which implies the inequality
d(y,y0) ≤
1
1 − |λ| · α
,
hence the estimation relation (20) is true.
As a direct consequence of Theorem 8, the Hyers-Ulam stability result recent
proved in [2] by M. Akkouchi for the integral equation (16) it is obtained. Actu-
ally, we consider a Banach space X over the (real or complex) ﬁeld K, I = [a,b] an
interval (a < b), the continuous given functions h : I → X and ϕ : I → (0,∞) and
a ﬁxed scalar λ in K. We also denote by C(I,X) := {f : I → X,f is continuous}. If
we take in Theorem 8 L(x,t) ≡ L and α = K · L (K,L are ﬁxed nonzero positive
constants), we obtain:
Corollary 9 (Akkouchi [2], Theorem 4.1). Suppose that there exist positive con-
stants K,L, with 0 < |λ|KL < 1 such that
  x
a
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Suppose also that G : I × I × X → X is a continuous function, which satisﬁes
||G(x,t,u(t)) − G(x,t,v(t))|| ≤ L · ||u(t) − v(t)||,∀x,t ∈ I,∀u,v ∈ C(I,X).
If the continuous mapping y : I → X has the property
 
 
 
 y(x) − h(x) − λ
  x
a
G(x,t,y(t))dt
 
 
 
  ≤ ϕ(x),∀x ∈ I,
then there exists a unique y0 ∈ C(I,X) such that
y0(x) = h(x) + λ
  x
a
G(x,t,y0(t))dt, ∀x ∈ I
and the inequality
||y(x) − y0(x)|| ≤
ϕ(x)
1 − |λ| · K · L
, ∀x ∈ I
holds.
Also, it is necessary to mention that our Theorem 8 extends another recent
result in [23], where Hyers-Ulam stability for the following nonlinear Volterra in-
tegral equation
(21) y(x) = h(x) +
  x
a
f(t,y(t))dt, ∀x ∈ I
is proved (y : I → C is the unknown function, h : I → C and f : I × C → C
are given mappings). Indeed, if we denote by C(I) the space of all complex-valued
continuous functions on I and if we take in Theorem 8
G(x,t,y(t)) :=
f(t,y(t))
λ
, L(x,t) := |λ| · L(t) and α =
β
|λ|
,
we obtain the generalized Hyers-Ulam stability for the nonlinear integral equation
(21):
Corollary 10 (P. G˘ avrut ¸a, L. G˘ avrut ¸a [23], Theorem 3.1). Assume that there
exist a positive constant β ∈ (0,1) such that the continuous mapping ϕ : I → (0,∞)
satisﬁes   x
a
L(t)ϕ(t)dt ≤ βϕ(x), ∀x ∈ I.
Suppose also that L : I → [0,∞) and f : I × X → X are continuous functions,
which satisfy
|f(t,u(t)) − f(t,v(t))| ≤ L(t) · |u(t) − v(t)|,∀t ∈ I,∀u,v ∈ C(I).Weighted space method for the stability of some nonlinear equations 137
If the continuous mapping y : I → C has the property
 
 
 
 y(x) − h(x) −
  x
a
f(t,y(t))dt
 
 
 
  ≤ ϕ(x),∀x ∈ I,
then there exists a unique y0 ∈ C(I) such that
y0(x) = h(x) +
  x
a
f(t,y0(t))dt, ∀x ∈ I
and
|y(x) − y0(x)| ≤
ϕ(x)
1 − β
, ∀x ∈ I.
Remark 11. Some particular cases of the above Corollary was obtained in [27]. See also
[6].
Acknowledgments. The authors would like to thank the referees and the editors
for their help and suggestions in improving this paper.
The work of the ﬁrst author was partially supported by the strategic grant
POSDRU/21/1.5/G/13798, inside POSDRU Romania 2007-2013, co-ﬁnanced by
the European Social Fund - Investing in People.
The work of the second author is a result of the project ”Cre¸ sterea calit˘ at ¸ii ¸ si a
competitivit˘ at ¸ii cercet˘ arii doctorale prin acordarea de burse” (contract de ﬁnant ¸are
POSDRU/ 88/1.5/S/49516). This project is co-funded by the European Social
Fund through The Sectorial Operational Programme for Human Resources Devel-
opment 2007-2013, coordinated by the West University of Timi¸ soara in partnership
with the University of Craiova and Fraunhofer Institute for Integrated Systems and
Device Technology - Fraunhofer IISB.
REFERENCES
1. R. P. Agarwal, B. Xu, W. Zhang: Stability of functional equations in single vari-
able. J. Math. Anal. Appl., 288 (2003), 852–869.
2. M. Akkouchi: Hyers-Ulam-Rassias stability of nonlinear Volterra integral equations
via a ﬁxed point approach. Acta Univ. Apulensis Math. Inform., 26 (2011), 257–266.
3. T. Aoki: On the stability of the linear transformation in Banach spaces, J. Math.
Soc. Japan, 2 (1950), 64–66.
4. J. A. Baker: The stability of certain functional equations, Proc. Amer. Math. Soc.,
112 (3) (1991), 729–732.
5. D. G. Bourgin: Classes of transformations and bordering transformations, Bull.
Amer. Math. Soc. (N.S.), 57 (1951), 223–237.
6. L. P. Castro, A. Ramos: Hyers-Ulam-Rassias stability for a class of nonlinear
Volterra integral equations, Banach J. Math. Anal., 3 (1) (2009), 36–43.
7. L. C˘ adariu, V. Radu: Fixed points and the stability of Jensen’s functional equation.
JIPAM. J. Inequal. Pure Appl. Math., 4 (1) (2003), Art. 4.138 Liviu C˘ adariu, Laura G˘ avrut ¸a, Pa¸ sc G˘ avrut ¸a
8. L. C˘ adariu, V. Radu: On the stability of the Cauchy functional equation: a ﬁxed
points approach in Iteration theory (ECIT 2002), (J. Sousa Ramos, D. Gronau, C.
Mira, L. Reich, A. N. Sharkovsky - Eds.), Grazer Math. Berichte, 346 (2004), 323–
350.
9. L. C˘ adariu, V. Radu: Fixed point methods for the generalized stability of functional
equations in a single variable. Fixed Point Theory Appl., 2008, Article ID 749392,
(2008), 15 pages.
10. L. C˘ adariu, M.-S. Moslehian, V. Radu: An application of Banach ﬁxed point
theorem to the stability of a general functional equation. An. Univ. Vest Timi¸ s. Ser.
Mat.-Inform., 47 (3) (2009), 21–26.
11. L. C˘ adariu, V. Radu: A general ﬁxed point method for the stability of Cauchy func-
tional equation, in Functional Equations in Mathematical Analysis, Th. M. Rassias,
J. Brzdek (Eds.), Springer Optim. Appl., 52 (2012), 19-32.
12. S. Czerwik: On the stability of the quadratic mapping in normed spaces. Abh. Math.
Semin. Univ. Hambg., 62 (1992), 59-64.
13. S. Czerwik: Functional Equations and Inequalities in Several Variables, World Sci-
entiﬁc, New Jersey, 2002.
14. S. J. Dilworth, R. Howard, J. W. Roberts: Extremal approximately convex func-
tions and the best constants in a theorem of Hyers and Ulam. Adv. Math., 172 (1)
(2002), 1–14.
15. G. L. Forti: An existence and stability theorem for a class of functional equations.
Stochastica, 4 (1) (1980), 23–30.
16. G. L. Forti: Hyers-Ulam stability of functional equations in several variables. Ae-
quationes Math, 50 (1995), 143–190.
17. G. L. Forti: Elementary remarks on Ulam-Hyers stability of linear functional equa-
tions. J. Math. Anal. Appl., 328 (1) (2007), 109–118.
18. M. Frank, P. G˘ avrut ¸a, M. S. Moslehian: Superstability of adjointable mappings
on Hilbert C
∗-modules. Appl. Anal. Discrete Math., 3 (2009), 39–45.
19. Z. Gajda: On stability of additive mappings. Int. J. Math. Math. Sci., 14 (1991),
431–434.
20. P. G˘ avrut ¸a: A generalization of the Hyers-Ulam-Rassias stability of approximately
additive mappings. J. Math. Anal. Appl., 184 (1994), 431–436.
21. P. G˘ avrut ¸a, M. Hossu, D. Popescu, C. C˘ apr˘ au: On the stability of mappings and
an answer to a problem of Th. M. Rassias. Ann. Math. Blaise Pascal, 2 (2) (1995),
55–60.
22. L. G˘ avrut ¸a: Matkowski contractions and Hyers-Ulam stability. Bul. S ¸tiint ¸. Univ.
Politeh. Timi¸ s. Ser. Mat. Fiz., 53 (67) (2008), No.2, 32–35.
23. P. G˘ avrut ¸a, L. G˘ avrut ¸a: A new method for the generalized Hyers-Ulam-Rassias
stability. Intern. J. Nonlinear Anal. Appl., 1 (2) (2010), 11–18.
24. D.H. Hyers: On the stability of the linear functional equation. Proc. Natl. Acad. Sci.
USA, 27 (1941), 222–224.
25. D. H. Hyers, G. Isac, Th. M. Rassias: Stability of functional equations in several
variables., Basel, 1998.Weighted space method for the stability of some nonlinear equations 139
26. S.-M. Jung: On the Hyers-Ulam-Rassias stability of approximately additive map-
pings. J. Math. Anal. Appl., 204 (1996), 221-226.
27. S.-M. Jung: A ﬁxed point approach to the stability of a Volterra integral equations.
Fixed Point Theory Appl. 2007, Article ID 57064 (2007), 9 pages.
28. S.-M. Jung: Hyers-Ulam-Rassias stability of functional equations in nonlinear anal-
ysis. Springer Optim. Appl., 48, Springer, 2011.
29. M. Kuczma, B. Choczewski, R. Ger: Iterative functional equations, Encyclopedia
Math. Appl., 32, Cambridge University Press, 1990.
30. D. Mihet ¸: The Hyers-Ulam stability for two functional equations in a single variable.
Banach J. Math. Anal., 2 (1) (2008), 48–52.
31. A. Najati, Th. M. Rassias: Stability of homomorphisms and (θ,φ)-derivations.
Appl. Anal. Discrete Math., 3 (2009), 264–281.
32. Zs. P´ ales: Hyers-Ulam stability of the Cauchy functional equation on square-
symmetric grupoids. Publ. Math. Debrecen, 58 (4) (2001), 651-666.
33. G. P´ olya, G. Szeg¨ o: Aufgaben und Lehrs¨ atze aus der Analysis, Vol. I, Springer,
Berlin, 1925
34. V. Radu: The ﬁxed point alternative and the stability of functional equations. Fixed
Point Theory, 4 (1) (2003), 91–96.
35. J. M. Rassias: Solution of a problem of Ulam. J. Approx. Theory, 57 (3) (1989),
268–273.
36. Th. M. Rassias: On the stability of the linear mapping in Banach spaces. Proc.
Amer. Math. Soc., 72 (1978), 297–300.
37. Th. M. Rassias: On the stability of functional equations and a problem of Ulam.
Acta Appl. Math., 62 (2000), 23–130.
38. T. Trif: On the stability of a general gamma-type functional equation. Publ. Math.
Debrecen, 60 (1–2) (2002), 47–62.
39. S. M. Ulam: Problems in Modern Mathematics, Chapter VI. Science Editions, Wiley,
New York, 1964.
Politehnica University of Timi¸ soara, (Received July 14, 2011)
Department of Mathematics, (Revised March 5, 2012)
Piat ¸a Victoriei No. 2,
300006 Timi¸ soara
Romania
E-mails: liviu.cadariu@mat.upt.ro, lcadariu@yahoo.com
laura.gavruta@mat.upt.ro
pgavruta@yahoo.com